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The existence and uniqueness of a weak solution of a Neumann problem is
discussed for a second-order quasilinear elliptic equation in a divergence form. The
note is a continuation of a recent paper, where mixed boundary value problems
were considered, which guaranteed the coerciveness of the problem. Q 1997 Aca-
demic Press
1. THE EXISTENCE OF A WEAK SOLUTION
w xThroughout the present paper, we keep the notation of the paper 1 ,
k . k .denoting also the Sobolev spaces W V by H V . We consider the2
following boundary value problem
ydiv A x , u grad u s f x , u in V , .  . .
1 .
nTA s, u grad u s g s, u on G ' ­ V , .  .
where V ; R d, d F 3, is a bounded domain with Lipschitz boundary G
and n is the outward unit normal with respect to G. We assume that the
entries a of the d = d matrix A and the functions f , g are boundedi j
measurable functions, i.e., there is a positive constant C such that
< < < <ess sup a x , j F C , ess sup f x , j F C , .  .i j
x , j , i , j x , j
2 .
< <ess sup g s, j F C , .
s, j
1  4where x g V, j g R , s g G, i, j g 1, . . . , d .
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All these functions are supposed to be Lipschitz continuous with respect
to the second variable, i.e., there exists a positive constant C such thatL
< < < <a x , j y a x , z F C j y z , i , j, . . . , d .  .i j i j L
< < < < < < < <f x , j y f x , z F C j y z , g s, j y g s, z F C j y z .  .  .  .L L
3 .
holds for all j , z g R1 and almost all x g V and s g G, respectively.
Moreover, let there exist a positive constant C such that0
5 5 2 TC h F h A x , j h 4 .  .0
for almost all x g V, all j g R1, and all h g R d.
For simplicity, the eventually dependence A, f , g on x or s will usually
not be explicitly indicated, in what follows. We set
a y ; u , ¨ s A y grad u , grad ¨ , .  . . 0, V
 :F u; ¨ s f u , ¨ q g u , ¨ , .  .  . . 0, G0, V
 .  : w 2 .xdwhere ?, ? and ? , ? stand for the usual inner products in L V ,0, G0, V
2 . 2 .L V , or in L G , respectively.
1 .DEFINITION 1. A function u g H V is said to be a weak solution of
 .the problem 1 if
a u; u , ¨ s F u , ¨ for all ¨ g H 1 V . .  .  .
DEFINITION 2. Let us introduce the following sets
1N s p g H V 9: p 1 / 0 , .  . 4
w 1 .x 1 .where H V 9 denotes the dual space of H V , i.e., the set of linear
1 .continuous functionals on H V , and
V s ¨ g H 1 V : p ¨ s 0 . 4 .  .p
EXAMPLE 1. Let us set
 :p ¨ s v , ¨ q c , ¨ , .  . 0, G0, V
2 . 2 .where v g L V , c g L G , and
v dx q c ds / 0.H H
V G
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Then p g N. In particular, the choice v ' 1, c ' 0 is the most common
in case of the linear Neumann boundary value problem.
 .THEOREM 1. For any p g N there exists a function u p g V such thatp
a u p ; u p , ¨ s F u p ; ¨ for all ¨ g V . 5 .  .  .  . .  . p
 .Moreo¨er, u p represents a weak solution, iff
F u p ; 1 s 0. 6 .  . .
 .  .Proof. The existence of a u p g V , satisfying 5 , can be proved byp
wmeans of a weak limit of Galerkin approximations, like in 1, Theo-
 .xrem 2.9 i .
w x  w x.Instead of 1, Lemma 2.5 we use the following inequality see 2
5 5 2 1a y ; ¨ , ¨ G C ¨ for all ¨ g V , y g H V . .  .1 p
We also have the density
`V l C V s V . 7 .  .p p
w xIn fact, the Gagliardo Density Theorem 3 yields that for any ¨ g Vp
` 4  . 5 5there is a sequence ¨ , H ª 0 q , ¨ g C V , ¨ y ¨ ª 0. We set1H H H
 .  .¨ s ¨ q c , where c s yp ¨ rp 1 . Then ¨ g V andH H H H H H p
5 5 5 5 5 5¨ y ¨ F ¨ y ¨ q c ª 0 as H ª 0.1 1 0H H H
w  .xInstead of 1, 2.25 , we assume that
`  4;¨ gV l C V ' ¨ , h ª 0 q : ¨ g V , .p h h h
5 5¨ y ¨ ª 0 as h ª 0, 8 .1h
where V is a finite-dimensional subspace of V .h p
 .The assumption 8 can be easily verified for standard finite element
spaces. Indeed, it suffices to ``shift'' again the standard interpolation p ¨h
 .  .by the constant function c s yp p ¨ rp 1 , to get the required functionh h
¨ s p ¨ q c g V .h h h h
 . 1 .Let 5 hold for all ¨ g H V . Substituting ¨ ' 1, we arrive at the
 .  . 1 .condition 6 . Conversely, let 6 hold. Any ¨ g H V can be decomposed
 .  .as ¨ s ¨ q c, c s const., ¨ g V . Then we have, using 5 and 6 , that0 0 p
a u p ; u p , ¨ q c .  . .0
s a u p ; u p , ¨ sF u p ; ¨ .  .  . .  .0 0
s F u p ; ¨ q cF u p , 1 s F u p ; ¨ q c . .  .  . . .  .0 0
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< < 1COROLLARY 1. Assume that for any u such that u - T , where T g R
is some constant, and for almost all x g V or s g G we ha¨e
f x , u s f x q f x u , g s, u s g s q g s u , .  .  .  .  .  .0 1 0 1
f g L2 V , f g L` V , g g L2 G , g g L` G , .  .  .  .0 1 0 1
f dx q g ds s 0 9 .H H0 0
V G
and either
 .i f ' 0, g ' 0, or1 1
 .  .ii f dx q g ds / 0. 10H H1 1
V G
 .In case ii let us restrict oursel¨ es to the choice
p ¨ s f ¨ dx q g ¨ ds. 11 .  .H H1 1
V G
 .Assume that the function u p satisfies
5 5u p - T . 12 .  .0, `
 .Then u p is a weak solution.
 .  .  .Proof. Case i . By virtue of the assumptions 9 , 12 , and due to the
independence of F on u, we have
 :F u p ; 1 s f , 1 q g , 1 s 0 for all p g N. .  . . 0, G0 00, V
 .  .As a consequence, u p is a weak solution for any p g N, provided u p is
 .bounded by condition 12 .
 .  .  .Case ii . For the choice 11 , we obtain that p 1 / 0 by assumption
 .  .  .  .  .10 . Then 9 , 11 , 12 and the definition of u p g V yieldp
 :  :F u p ; 1 s f , 1 q g , 1 q f , u p q g , u p .  .  .  . .  .0, G 0, G0 0 1 10, V 0, V
s p u p s 0. . .
2. THE UNIQUENESS OF A WEAK SOLUTION
The following theorem presents some sufficient conditions for the
uniqueness of a weak solution.
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 .  .  .THEOREM 2. Assume that 2 , 3 , 4 hold and the functions
¨ ª f x , ¨ , ¨ ª g s, ¨ .  .
are nonincreasing in R1 for almost all x g V and s g G, respecti¨ ely.
5 5Let u , u be two weak solutions, u F T - ` and at least one of the0, `1 2 i
following two conditions be satisfied:
 .i there exists a constant C ) 0 and a nonempty relati¨ ely open subset
G ; ­ V such that0
¨ y ¨ F C g s, ¨ y g s, ¨ .  . .1 2 2 1
w xfor almost all s g G and all ¨ , ¨ g yT , T , ¨ ) ¨ ;0 1 2 1 2
 .ii there exists a constant C ) 0 and a nonempty open subset V ; V0
such that
¨ y ¨ F C f x , ¨ y f x , ¨ .  . .1 2 2 1
w xfor almost all x g V and all ¨ , ¨ g yT , T , ¨ ) ¨ .0 1 2 1 2
Then
u s u a.e. in V .1 2
w xProof. This goes through in the same way as that of 1, Theorem 3.2 .
 .  .Remark. If both f and g are independent of ¨ , neither i nor ii is
valid.
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